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Problem 1
a)

By construction, the probability of going from state ¢ (i = 0,1) to state j (j = 0,1) is
fully determined by the initial state ?. Hence the process becomes a Markov chain. The
transition probability matrix is given as,

[ )
q 1l—gq

The eigenvalues A\; and Ay are obtained by solving the equation det(P — AI) = 0, where
det denotes the determinant and
Lo
10 1

This leads to the equation (1 —p —A)(1—q¢—A) —pg=0,0r A2 —(2—p—g@)A+ (1 —
p—q¢ = A—=—1)A—-(1—-p—gq)) = 0. The two eigenvalues are therefor \; = 1 and
Ao =1 —p — q. Corresponding eigenvectors are found from the equations, Pvy = vy and
Pvy = (1 — p — q)va. The first equation gives e.g. v1 = (1,1)7, while the second equation
gives e.g. va = (p, —q)T. Define the matrix

_ |11 p
T= [1 —(J]
Then
1 0
PT=TA=T [o l—p—q] ,
which leads to,
P=TAT!

It then follows that
P"=TA"T ! m=1,2,...
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This leads to the equation,

m 1 0 - 1 0] g {0 0 } 1
P" =T LT =T T '4+T ml T
[0 (1PQ)] [0 0] 0 (1-p—q)

It is found that,
o1 1 [q P ]
p+ql|l —1|~

which, when combined with the previous equation, leads to,

pm_ 1 [q p]+(1—p—q)m[p —p}
p+ale p p+a |-¢ ¢

b)
This follows by using the Chapman-Kolmogorov equation (see the textbook).
c)

Clearly, for 0 < p,g<lorp=1land 0 < qg<lorg=1and0 < p <1, the Markov
chain is irreducible and ergodic (aperiodic and positively recurrent) and therefore limiting
probabilities exist. In this case lim,,oo(1 —p — ¢)™ — 0, which implies that

1
lim Pm:{q p} .
m—o0 p—|—q q p

That is, the limiting probabilities are given as lim,, oo Pi(om) =q/(p+q) for i = 0,1 and

lim,, 00 Pi(lm) =p/(p+q) fori =0,1.

For p = ¢ = 1 the Markov chain is still irreducible and positively recurrent, but periodic
with period 2, and therefore limiting probabilities do not exist. This is easily verified from
the expression for P™, since lim,,00(1 —p — )" = limy;, 00 (—1)™, which does not exist.

For p = ¢ = 0 the Markov chain is reducible to two trivial irreducible subchains, which
are both aperiodic and positively recurrent. The limiting probabilities obviously do not
exist since e.g. Pégl) =1 and Pl(én) = 0 for any value of m.

d)

The distribution 7 is a stationary distribution for the Markov chain X, if given that the
distribution of X is a stationary distribution 7, then the distribution of X, is also « for
anyn=1,2,....
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The stationary distribution must satisfy the equation m P = m, which for the present
problem assumes the form

(71, 72) [1;77 1fq} — (m1,7).

The solution must satisfy the equation pmy = gme and m + mo = 1. This gives the
solution m = ¢/(p + q) and w2 = p/(p + ¢) provided p+¢q > 0. If p = ¢ = 0, then any
distribution (71, m2) is a stationary distribution. Hence, a stationary distribution exists for
any 0 <p,q <1

It is seen that the limiting distribution when it exists, agrees with the stationary distri-
bution, which is a general result. However, a Markov chain may have a stationary distri-
bution even if the limiting distribution does not exist, as has been demonstrated here.

Problem 2
a)

In a birth and death process the time from each birth to the next is assumed to be exponen-
tially distributed with the birth rate A\, as parameter. Specifically, if the population size is
n € Zy ={0,1,2,...}, the birth rate parameter is A, and the distribution of the time until
the next birth happens is exponentially distributed with parameter A,. Similarly for the
deaths: If the population size is n, and the death rate parameter is yi,,, then the distribution
of the time until the next death happens is exponentially distributed with parameter .
This implies that pg = 0.

According to the assumptions of the model in this problem, Ao = « implies that the
operation time of each compressor until failure is exponentially distributed with parameter
«. The birth rates A\g and A\; are then determined by the minimum of two operation times,
which is exponentially distributed with parameter 2a.. Hence, A\ = A\1 = 2«

b)
The general Kolmogorov’s forward equations

Pii(t) =Y ariPa(t) — v; Py (t).
k4

For the birth and death process here:

vo=2a,v1 =20+, vu=a+f8,v3=0
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and
01 ; 4710 20[-’-,67
2c
P = P -
12 206"‘67 21 O[+57
(6
23 Oé—|—,87 32 )

This leads to,
qo1 = q12 =2, qu0 = q21 = q32 = 3, 23 =

Kolmogorov’s forward equations for the present model for ¢ = 0,1, 2, 3:
j =0: i,[)(t) - Bpll(t) - 2aP’LO(t) )
j=1: P/(t) =2aPp(t) + BPa(t) — 2a+ B)Pu(t),
j=2: Ph(t) =2aPu(t) + BPs(t) — (a+ B)Palt),
Jj=3: Pj(t) = aPpa(t) — BPis(t),
c)

The stationary distribution can be obtained from these equations by putting lim; o Pi/j (t) =
0, and limy_,o P;;(t) = ;. This leads to the equations:

j=0:0=pm —2am,

j=1:0=2am + fm — (2a + f)m,
j=2:0=2am + B3 — (o + f)m2,
j=3:0=am — fnrs,

By solving these equations, it is obtained that m = (2a/8)mg, m2 = (2a/8)m =
(2a/B)% o, T3 = (a/B) T2 = (a/B) (2a/B)? 9. The condition Z?:o 7j = 1 then finally
gives the solution:

e CLASICE)
where 90 s 2 N
7:1+?+(?) <1+5)’
d)

eksDecl111f December 1, 2011 Side 4



TMA4265 Stochastic Processes

Let e; = E[T;], then we get the equations mg = ea, m1 = €1 + e2 and mg = ey + €1 + ea,
where
1
ep = —
0 2
B 1 B

o brfan b dh b (A (2))

e)

You are asked to calculate E[T| X (0) < 2] assuming that stationary conditions have been
reached. Conditioning on the particular state at t = 0, we find,

E[T]X(0 ZET!X ) <20 X(0) =] P(X(0) = i| X(0) < 2)
: P(X(0) =)
Z o= (X(0)<2)"
_ im T _ mymo + m1m + mam
S mtmtT motmAm
Problem 3
a)

From the given formulas, it follows that the stationary distribution P;, j =0,1,2,...is

given as follows:
Pi=0;P, j=1,2,...
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where .
PO = T T ~—> g
1+3>52,0
and )
Ty I
2 2
Hence,

It is seen that, '
b= (O) = (2 ) =
H H
For any given a > 0 and g > 0 there is a jg such that

g2 <—q 2
1 1

o g1 a  Jo—1

<1,

for j > jg since 0 < ¢ < 1. Hence, Z;’il ; < oo for any choices of a > 0 and p > 0, which
is the condition for the existence of the stationary distribution.

From the discussion in point a) of Problem 2, it follows that the birth and death process
considered here can be interpreted as an M/M/1 queueing system with exponential arrival
rates A\, = aq" (n > 0) and exponential departure rates p, = pu (n > 1).

The particular expression for the arrival rate implies that the more customers in the
system the less likely it is that an arriving customer will enter the queueing system.
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