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Exercise 1.7

E(X;+Y;) = ux + py is independent of ¢, and since Cov(X,,Y;) = 0 for all s and ¢, it
follows that Cov(Xeip + Yign, Xi + V) = vx(h) + vy (h), which is independent of ¢.

Exercise 1.10

For m; = > % _, cxt¥, we have

k=0 k=0
p—2

= pe,tP1 +Zbktk
k=0

since (t—1)P = tP—ptP~'+.... Theby, k =0,..., p—2 are suitable constants. Consequently,
Vmy is a polynomial of degree p—1 and therefore, by successive application of the difference
operator V, we deduce that VP 1m; =0

Exercise 1.12
a)
We first prove that a linear filter {a; } passes a polynomial of degreep if and only if ) | ja;=1

and ;(—j)"a; = 0,7 =1,...,p. To prove this, it is enough to show thatt" = > a;(t—j)"
forr=20,...,p.
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(en)

Saitt-ir =3 () (Sawtir) = v
J k

for r =0,...,p if and only if the above conditions hold.

b)
For Spencer’s 15-point moving average filter, {a;,j = —7,...,7}, it is a simple matter
to check that -
> =1
j==7
7
d (i) a;j=0, for r=1,2,3
j=—7
Exercise 1.14
i)
3 4 1
ap=—-, a1 =-—-=a_ ag=——=a_
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Zmi:o

7;2(11' =0

> ita; =0

By Exercise 1.12(a), the filter passes cubic trend without distortion.

ii)
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If s; = s4_3 and Zle s¢ = 0, then

+4 1 +4

=S —St—1 — <=St— =S — =S8

o5t T g1~ gSt—2+ g8t41 — gStra
3

= (8t + St+1 + st42) =0

9

since s;_o = sg11 and S;—1 = Sgro. That is, arbitrary seasonal component of period 3 is
eliminated.
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1.15 {a) Since s; has period 12,

V12Xt = Une{e + bt 4+ 5, + Y3)
=120+ Y - Yip
so that ' : , ‘ .

W=y ynXi=Y- Y~ Y2 - Yo
Then EW; =0 and

Cov(Wigs, Wr)
= Cov{Yiah — Yignot = Yipho12 + Vepna13, Ye = Yoog — Yimpo + Yioss)
= dy(B) - 2y(h = 1) = 2y(h+1) +7(h — 11) + y(h + 11) = 2y(h — 12)
—2y(h+12) + (b +13) + v(h - 13)

where >'y(-) is the autocovariance function of {Y;}. Since EW; and Cov(Wiys, Ws) are ‘
independent of ¢, {W;} is stationary. Also note that {{712.X;} is stationary.
(b) Xi=(at+bt)si+Y: ‘
F12.Xe=btsy = b{t = 12)8;_13+ Y - Yoz
=1208;_12 +Y: - Yiz.
Now let Uy = V3, Xy =Y, — 2¥—12 + Yi-24. Then EU; =0 and

Cov(Uepns Uh) = Cov(Yewn — Yepnosz + Yern-24s ¥y = Yio1o + Yiea)
= 6y(R) - 47(h+ 12) — dy(h - 12) +7(h+ 24) +y(h - 24)

which is independent of £. Hence {U;} is stationary.



