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Exercise 2.1
S(a,b) = E[(X,1n — aX, — b)?] to be minimized wrt a@ and b. Now

S(a,b) = E[(Xnin—p) = a(Xy — p) —b—ap+p)] = 7(0) +a*v(0) + (b+ ap — p)? — 2ary(h)

This gives
oS
5q = 207(0) + 2p(b + ap — p) = 2y(h)
08
FT 2(b+ap — p)

S is clearly minimized wrt b when for b = p(1 — a). Substituting this value into g—f and
equating to zero leads to the result

Hence, S(a,b) is minimized when

a=p(h), b=pl-ph))

The BLP (best linear predictor) of X,, 1 in terms of X, is therefore 4+ p(h) (X, — u).

Exercise 2.3
a)

X =2;4+03Z;_1 —04Z;_9

Exercise  31f September 16, 2004 Side 1



TMA4285 Tidsrekker og filterteori

7(0) =1+0.3% +0.4> =1.25
y(1) =0.3-0.4-0.3=0.18
v(2) = —0.4
v(h) =0, h>2

v(=h) =~(h)

b)

Y, =27, — 127 1 —1.6Z;_5

7(0) = 0.25(1 + 1.2% +1.6%) = 1.25
y(1) = 0.25(-1.2+ 1.6 - 1.2) = 0.18
7(2) = —-1.6-0.25=—-0.4
v(h) =0, h>2

)

That is, we obtain the same ACVF as in a).

Exercise 2.5

Z;il 67 X,,_; converges absolutely (with probability 1) since

8

ZW! [ Xn—jl] < Z\G\jE[IXn—jH

8

Z 10 \/~(0) + 2 by Cauchy-Schwartz inequality

j=1
< oo sinceld| <1

That is, Y52, 07| Xy—j] < 0o with probability 1.
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Mean square convergence of Sy, = Z;n:l 67 X,,_; as m — oo can be verified by invoking
Cauchy’s criterion. For m > k

BlIS, — Sl = BIC Y. 07%,.)
j=k+1
= i i O E[X,—i X ]
i=k+1j=k+1
E(|Sm — Skl?] Z 0 X, )% = f: i 0" B[ X i X )
j=k+1 i=k+1 j=k+1
= >3 GG )
i=k+1 j=k+1
<32 GO 42 = (o)) (Y 1)
i=k+1 j=k+1 j=k+1

—0 as k,m—

since > 72, [0 < oo. Hence, by Cauchy’s mutual convergence criterion, mean square
convergence is guaranteed.

Exercise 2.7

1
l—¢z 1-1L
1 1 1
- Gt
== (¢2)77
J=1

since |¢z| > 1.

Exercise 2.8

Xt =0Xi 1+ 2y
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X=Xy 1+ 2y
=Zi+ ¢(Z—1 + 0 Xi—2)

=Zi4+¢Zra+ . A" Zen+ " Xy )

That is
X — "Xy r=Zi+ dZ 4.+ "2y
First we calculate
Var(X; — "Xy 1) = 9(0)(1+ ¢™%) — 20"y (n + 1)
<y(O)(1+ [o"H + 20¢[") = 49(0)

if X; is stationary and |¢| =1

Next we calculate

Var(Z; + ¢Zt 1+ ...+ ¢"Zi_p) = no?

if o] = 1
Since clearly no? > 4v(0) for sufficiently large n, we have reached a contradiction.
Hence X; cannot be stationary if |¢| = 1.

Exercise 2.10

Xi =0 X4 1 =24+ 07

where ¢ =0 =10.5
According to Section 2.3, equation (2.3.3), we obtain that

(0]
Xy = Z iz
=0

where ¢ =1, ¢; = (¢ + )"t = 0.5 for j =1,2,....
From Section 2.3, equation (2.3.5), we get

00
Zt = Z Wth_j
7=0

where 1o =1, mj = —(¢ + 0)(—0)7~t = —(=0.5)7"L for j = 1,2,....
Agrees with the results from ITSM.
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