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S(c) = E[(Y − c)2] yIz'{ �
�

S(c) = E(Y 2) − 2cE(Y ) + c2
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dS

dc
= −2E(Y ) + 2c = 0

&(���
c = E(Y ) }�~*{ ��� { "�������	������=��"�������"g)G������)���)�	������|� d2S

dc2
= 2 > 0
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E[
(

Y − f(X)
)2
|X] = E[

(

Y − E(Y |X) + E(Y |X) − f(X)
)2
|X] =

E[
(

Y − E(Y |X)
)2
|X] + 2E[

(

Y − E(Y |X)
)(

E(Y |X) − f(X)
)

|X] + E[
(

E(Y |X) − f(X)
)2
|X] =

E[
(

Y − E(Y |X)
)2
|X] + 2

(

E(Y |X) − f(X)
)

E[
(

Y − E(Y |X)
)

|X] + E[
(

E(Y |X) − f(X)
)2
|X] =

E[
(

Y − E(Y |X)
)2
|X] + E[

(

E(Y |X) − f(X)
)2
|X] ≥ E[

(

Y − E(Y |X)
)2
|X]
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E(Y |X)
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E(g(X)Y |X) = g(X)E(Y |X)
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g	���� { � { ��� E(g(X)Y )
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E[
(

Y − E(Y |X)
)2
|X] ≤ E[

(

Y − f(X)
)2
|X]
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f yI� �
���|� E[

(

Y − f(X)
)2
|X]
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E[
(

Y −E(Y |X)
)2

] = E
(

E[
(

Y −E(Y |X)
)2
|X]

)

≤ E
(

E[
(

Y −f(X)
)2
|X]

)

= E[
(

Y −f(X)
)2

]
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f(X)
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(

Y − f(X)
)2

]
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f(X) = E(Y |X) y
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X = (X1, X2, . . . , Xn) yIz'{ �
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E[
(

Xn+1 − f(X)
)2
|X] = E[

(

Xn+1 − E(Xn+1|X) + E(Xn+1|X) − f(X)
)2
|X] =

E[
(

Xn+1 − E(Xn+1|X)
)2
|X] + 2E[

(

Xn+1 − E(Xn+1|X)
)(

E(Xn+1|X) − f(X)
)

|X]

+ E[
(

E(Xn+1|X) − f(X)
)2
|X] =

E[
(

Xn+1 − E(Xn+1|X)
)2
|X] + 2

(

E(Xn+1|X) − f(X)
)

E[
(

Xn+1 − E(Xn+1|X)
)

|X]

+ E[
(

E(Xn+1|X) − f(X)
)2
|X] =

E[
(

Xn+1 − E(Xn+1|X)
)2
|X] + E[

(

E(Xn+1|X) − f(X)
)2
|X] ≥ E[

(

Xn+1 − E(Xn+1|X)
)2
|X]
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E(Xn+1|X)
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E(g(X)Xn+1|X) = g(X)E(Xn+1|X)
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g
	���� { � { ��� E(g(X)Xn+1)
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E[
(

Xn+1 − E(Xn+1|X)
)2
|X] ≤ E[

(

Xn+1 − f(X)
)2
|X]
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� E[

(

Xn+1−E(Xn+1|X)
)2
|X]
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E[
(

Xn+1 − E(Xn+1|X)
)2

] = E
(

E[
(

Xn+1 − E(Xn+1|X)
)2
|X]

)

≤ E
(

E[
(

Xn+1 − f(X)
)2
|X]

)

= E[
(

Xn+1 − f(X)
)2

]
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f(X)

� { ����)G������)G�����|	 E[
(

Xn+1 − f(X)
)2
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f(X) = E(Xn+1|X) y

��w
§¨�©�qªq� { �I)G������)���)9)��������%	�«��������|�C�
�������g ����|�����
�����S��&

Xn+1
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X = (X1, X2, . . . , Xn)
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� Xt ∼ IID(µ, σ2)
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E(Xn+1|X) = E(Xn+1) = µ
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i=1
αiXi
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µ } � { ������	 } ∑n

i=1
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E[
(

n
∑

i=1

αiXi−µ
)2

] = E[
(

n
∑

i=1

αiXi−X
)2

]+2E[
(

n
∑

i=1

αiXi−X
)(

X−µ
)

]+E[
(

X−µ
)2

] ≥ E[
(

X−µ
)2

]
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E[

(
∑n

i=1
αiXi − X

)(

X − µ
)

] = Cov(
∑n

i=1
αiXi − X, X) ¯

Cov(
∑n

i=1
αiXi,

∑n
i=1

1

n
Xi) − Cov(

∑n
i=1

1

n
Xi,

∑n
i=1

1

n
Xi) ¯ ∑n

i=1

αi

n
σ2 −

∑n
i=1

1

n2 σ2 = 0 y
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i=1

αiXi
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µ } � { ���C��	 } ∑n

i=1
αi = 1 y
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E[
(

Xn+1 −
n

∑

i=1

αiXi

)2
] = E[

(

Xn+1 − X
)2

] + 2E[
(

Xn+1 − X
)(

X −
n

∑

i=1

αiXi

)

] + E[
(

X −
n

∑

i=1

αiXi

)2
]

≥ E[
(

Xn+1 − X
)2

]
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Cov

(

Xn+1−X, X−
∑n

i=1
αiXi

)

= −Cov(X, X)+Cov(X,
∑n

i=1
αiXi) =

0
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E
(

Sn+1|S1, . . . , Sn

)

= E
(

Sn + Xn+1|S1, . . . , Sn

)

= Sn + E
(

Xn+1|S1, . . . , Sn

)

= Sn + µ
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E(Xt)
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E(Xt)
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E[Xt+hXt]
2 ≤ E[X2

t+h]E[X2
t ]
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Xt+h
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Xt
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Cov
(

Xt+h, Xt

)

=















(b2 + c2)σ2 ; h = 0
0 ; h = ±1
bcσ2 ; h = ±2
0 ; |h| > 2
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E(Xt) = 0
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Cov
(

Xt+h, Xt

)

= Cov
(

Z1 cos c(t + h) + Z2 sin c(t + h), Z1 cos ct + Z2 sin ct
)

= σ2
(

cos c(t + h) cos ct + sin c(t + h) sin ct
)

= σ2 cos ch
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E(Xt) = 0
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Cov
(

Xt+1, Xt

)

= σ2 cos c(t + 1) sin ct
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E(Xt) = a
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Cov
(

Xt+h, Xt

)

= b2σ2
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E(Xt) = 0
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Cov
(

Xt+h, Xt

)

= σ2 cos c(t + h) cos ct
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E(Xt) = 0
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Cov
(

Xt+h, Xt

)

= E[Xt+hXt] = E[Zt+hZt+h−1ZtZt−1] =

{

σ4 ; h = 0
0 ; |h| > 0
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γX(h) =







1 + θ2 ; h = 0
θ ; h = ±2
0 ;
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ρX(h) =







1 ; h = 0
θ

1+θ2 ; h = ±2

0 ;
��� { �
� ~ ��	��

Ä����
θ = 0.8
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γX(h) =







1.64 ; h = 0
0.8 ; h = ±2
0 ;

��� { �
� ~ ��	��

ρX(h) =







1 ; h = 0
0.488 ; h = ±2
0 ;
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X4 = 1

4
(X1 + . . . + X4) yRz'{ �
�

V ar(X4) = Cov
(

X4, X4

)

=
1

16

4
∑

i=1

4
∑

i=1

Cov
(

Xi, Xj

)

=
1

4

(

γX(0) + γX(2)
)

=
1

4

(

1.64 + 0.8
)

= 0.61
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V ar(X4) = Cov
(

X4, X4

)

=
1

4

(

γX(0) + γX(2)
)

=
1

4

(

1.64 − 0.8
)

= 0.21
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