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Exercise 1.15
a)
Since s; has period 12

Vi Xt =Vig(a+bt+s:+Y;) =120+ Y; — Y190

so that
Wi=VVpX;=Y;,—-Y, 1 —-Y 12— Y 13

Then E[W;] = 0 and

Cov[Wipn, Wil = Cov[Yipn — Yign—1 = Yign—12 — Yign—13,Ys = Yio1 — Yi_12 — Y} _13]
— 4y (h) — 29(h — 1) — 29(h + 1) + 7(h — 11) +~4(h + 11) — 24(h — 12)
—2y(h+12) +~v(h +13) + y(h — 13)

where () is the ACVF of Y;. Since E[W;] and Cov|[W,,p, W] are independent of ¢, W; is
stationary. Also note that V12X, is stationary.

b)

Using X; = (a + bt)s; + Y; it is obtained that
Vie Xy =bts; — b(t —12)s—12 + Yy — Yi_12 = 12bs;_12 + Yy — Yi_10.
Now let U; = V2, X; = Y; — 2Y;_12 + Y;_24. Then E[U;] = 0 and

Cov|Upyn, Uil = Cov[Yipn — 2Yipn—12 + Yign—24, Y — 2Yi 10 + Yi_o4]
= 6y(h) — 4y(h +12) — dy(h — 12) + v (h +2) + 7(h — 24),

which is independent of ¢. Hence U, is stationary.
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Exercise 2.1

S(a,b) = E[(X,1n — aX, — b)?] to be minimized wrt a and b. Now

S(a,b) = E[(Xnin—p) —a(Xp — p) —b—ap+p)] = 7(0) +a*¥(0) + (b+ap — p)? — 2ary(h)
This gives

oS
5a = 207(0) +2u(b + ap — p) = 2y(h)

oS
oy = 200 +ap—p)

S is clearly minimized wrt b when for b = p(1 — a). Substituting this value into g—g and
equating to zero leads to the result

Hence, S(a,b) is minimized when

a=p(h), b=pu(-ph)

The BLP (best linear predictor) of X,,1 in terms of X, is therefore p+ p(h)(X,, — ).

Exercise 2.3

a)
Xe =2y +03%Z;1 — 047 o
7(0) = 14032 +0.4%> = 1.25
(1) =0.3—-0.4-0.3 =0.18
7(2) = —0.4
v(h) =0, h>2

v(=h) =~(h)
b)

Y, =27, — 1271 — 1.6Z;_5
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7(0) = 0.25(1 +1.2% +1.6%) = 1.25
v(1) = 0.25(-1.2+ 1.6 - 1.2) = 0.18
7(2) =—-1.6-0.25=—-0.4
v(h)=0, h>2

) =

V(=h) =~(h)

That is, we obtain the same ACVF as in a).

Exercise 2.5

Z;’il 7 X,,_; converges absolutely (with probability 1) since

Z!HI [ Xn—jl] < Zlﬁ\jE[an—jH

3

10]71/7(0) + 2 by Cauchy-Schwartz inequality

Pl/%g I

.
Il
-

< oo sinceld| <1

That is, Y57, [6]| Xy ;] < co with probability 1.
Mean square convergence of S,, = Z;”zl 67 X,,_; as m — oo can be verified by invoking
Cauchy’s criterion. For m > k

E[|Sm — Sk/?] Z 07X, ;)
Jj=k+1
= i i 0 B[ Xp—i Xn—j]
i=k+1 j=k+1
E[|Sm = Sk[’] Z O Xn )= Y Y OEX0 X))
j=k-+1 i=k+1 j=k+1
=3 Y Ol )
i=k+1 j=k+1
m m L m N 2
<SS () + ) = (30) + 1) (D 16
i=k+1j=k+1 j=k+1

—0 as k,m— o0
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since Z;’il |07 < oco. Hence, by Cauchy’s mutual convergence criterion, mean square
convergence is guaranteed.

Exercise 2.7

&
1—qbz_1—¢12
1 1 1
- G t)
== ()7
J=1

since |¢z| > 1.
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