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1. A sample Xy, ..., X,, is taken from a gamma distribution with parameters § and
1/0:
Xy, ..., X;y ~ gamma (9, %)
i. e. pdf of X is
f(2;0) = ——=2"""e " I4n0y, 0>0.

Find a one-dimensional sufficient statistic for 6.
Solution. The likelihood function is
L(0; X1, ..., X)) = 0™ [D(0)] (X1 - .- X)) le 02N =
= 0"[0(0)] (X, - .- Xpe 250 (X - X)L

Put
T(Xl, ,Xn) = HXl . eszi,
g(T,0) = 0™ [L(O)] [T (X0, ... Xp)],

and
h(X1, ., X)) = (X1 - - X)L



Then
L(0; Xy, ....X,) = g(T(Xy, ..., Xp), 0)h( Xy, ..., Xp)

and hence, due to the factorization theorem, T'(Xj, ..., X;,) is a (univariate) sufficient
statistic.

2. Let X4,..., X, be a sample taken from a normal distribution with zero mean and

unknown variance 6%
X1, .., X, ~ N(0,6%
a) Find the (expected) Fisher information.

b) Consider the following estimator of 62:

n

2 n—2
T,=-X+— "5 X2
n 1+n(n—1)§ !

Is this estimator unbiased?
¢) Is T, consistent?

d) Is the estimator T, efficient? (We call an unbiased estimator efficient if its

variance coincides with the lower bound of the Cramer-Rao inequality).

e) Find MLE (maximum likelihood estimator) of #2. Is it unbiased? Consistent?

Efficient?

f) Give an example of a biased (but consistent!) estimator whose variance is less
then % for all n. Find its bias and MSE (mean squared error). Compare the latter
with MSE of the MLE.

Solution.

a) Denote the Fisher information of the sample and that of one observation by 1(9)
and I(@) respectively. Then I(0) = nly(#) and

o (omf(X;0)\* o (x2 o1y 1 o, 1
10(9)_E<T> P\ow 73) =™ 2

To find EX* we can use mgf: EX" = Mx™(0).
We have

Mx(t) ="'/



MY (t) = "2 (0" + 0?)
MY (t) = " E12 (054 + 30")
MP(t) = e”F2(0%) (0% + 30't) + € /2(30°4% + 30")

P

Hence EX* = M®(0) = 3¢*

and 5 5
n
b)
2 (n—2) & 2 (n—2)
ET,=—EX; EX}=0|-+—-—F—""(n—1)] =6
n 1+7‘L(n—1)i§; ’ <n+n(n—1)(n )
i.e. T}, is unbiased.
c) It is consistent: 2X7 L0,
_ 1
n-2_.q X2 D EX? =
n n—1:=
d)
4 2 (n—27 & 2
VCLTTn = EVGT(XI) + m ; Var(Xl) =
4 (n—22n-1) 1 20"
= X% | = =Var(X? =
Var(X") n2+ n?(n —1)2 ar( )n—l n—1
since

Var(X?) = EX"' — (EX?)? = 30" — 9* = 2¢*
(EX* was obtained in part (a)).

The Cramer-Rao lower bound is (use part (a))

d (p2y]?
1 R L
1(0) 2n/6? n S n—1 Var(T)

Hence T, is not efficient

e)
L(0; X1, ..., X)) = (27) /20 e mm 257,
8IHL n 1
00 0 T 03 Z i



SO, the MLE is TMLE = %ZX?
1
ETyip =~ EX? = ¢
n

(unbiased);
due to the Law of Large Numbers =3 X? L5 BX? =92

(consistent).
1 oy _ 1 2
Var(Tyre) = — »_ Var(X7) = =Var(X?) =
n n

1 20"

1
= —(EX'— (EX*)*)==(30" — 0") =
(Bxt - (B = 300 0 = 2
which coincides with the Cramer-Rao lower bound (see part (d)), therefore Ty p is
efficient.

f) Any estimator of the form
Vo =cnTure = E ZXi )
where 0 < ¢, < 1 and ¢,, — 1 as n — oo, satisfies these conditions. It is biased:
EV, = o ETyinp = cp0* < 07

consistent (evidently, since ¢, — 1 and Ty £, 6?); and

20* 26
Var(Vy) = Var(Tyre) = 07217 < -

Bias of V,, is
b(V,) = cpn? — 0> = (c, — 1)0%

MSE is

MSE(V,) = [b(V,)]2+ Var(V,) = [(c, — 1)0%* + (;32—24 =

20 n(c, —1)? 20*
— (Cn — 1)294 + C?LT = [f =+ C?L]?
For example, if ¢, = ”T’l, then
n(c, — 1)? b= 2n? — 3n + 2 _ 2n? _
2n? 2n?

2



3. Let X1, ..., X;, be a sample taken from a (f, 1) normal distribution:

X1,y Xp ~ N(6,1).

a) For testing Hy : 6 = 6y versus H; : 0 # 0, find the acceptance region of the

significance level « likelihood ratio test.

b) Find the (1 — «) confidence interval that results from inverting the likelihood
ratio test of part (a).

Solution.
a) The acceptance region: A(X) > ¢ where

_ L(0;X)  L(fp; X)
sup L(0; X)) L(Oppp; X))

A(X)

and c is found from the condition

So, the acceptance region

1 - 1
O — —=li_e < X <O+ —=li_2
2 n 2

v v

where [5 - d-quantile of the standard normal distribution.

b) Inverting the test of part (a) we obtain the following (1 — «) confidence interval:

. 1 S 1
X - 7[1,%,)( + —nl1,%

v v

4. Observations Y7, ..., Y, are described by the relationship
Y, =60-e%(1+22) +¢
where x4, ..., z, are fixed constants and &1, ..., &, are iid N(0,0?).

a) Find LSE (least squares estimator) of 6.
b) Find MLE of 6.



Solution.

a) Y (Y; — 0 - e (1+22))> — min

—:—22 0t (1 +22))e% (1 +22) =0

S Vit (1+ad) = 03 [ (1 + D))

b) The likelihood function
L(6;Y) = (27) 20 exp{—— > (Y —0e” Y1+ a?)?)

n
lnL:—§ln(27r)—nlna——Z - — 0" (1 4 22))?
we have the same minimization problem as in part (a) and hence the same result:

Y Yie® (1 + a2)
> [e“"?(l + xf)]Q

HMLE - 9LSE =



